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Abstract

Within the framework of the self-consistent effective field approximation
of the time dependent perturbation theory, an influence of the electron
tunneling on spontaneously induced order parameters in a hybrid structure
«normal metal-superconductors is considered. For a normal-metal model that
does not take into account electron-electron scattering as well as electron-
phonon coupling, it has been obtained a critical barrier transparency corres-
ponding to the disappearance of superconductivity in the ground state. The
presence of incoherent excitations leads to a complex relationship between the
effects of ordering, thermal fluctuations, and tunneling. Near the critical
barrier transparency, this can stabilize a superconducting state in the certain
temperature regions. As a result, a reentrant superconductivity phenomenon is
observed. The studied spectral properties of the hybrid structure reflect exis-
tence of both coherent and incoherent elementary excitations.
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4.1 Introduction

Despite a long history of the transport properties studies of the «normal
metal-superconductor» hybrid structures, the problem of a rigorous quantum-
mechanical consideration of proximity effect in such systems has not yet lost
its relevance. This is especially evident in recent years in connection with the
search and realization of Majorana fermions based on the proximity effect in
the system of a superconductor with an s-symmetry gap and topological
insulator with surface states [4.1]. This type of fermions is protected from
decoherence and is of promising importance in the formation of qubit states
for quantum computers. The problem of superconductivity as a guantum effect
is rather complicated from the point of view of subsequent accounting for the
correlation effects and influence of barriers in inhomogeneous structures. To
date, to analyze a huge array of experimental data on electron tunneling,
a wide range of theoretical methods for studying the observed phenomena in
hybrid structures have been developed, which are based on the well-known
equations of Gor’kov [4.2], Bogolyubov, P. de Gennes [4.3], McMillan [4.4]
and their semiclassical approximations [4.5, 4.6]. It should be noted that in the
study of critical temperatures, spectral and transport properties of hybrid struc-
tures consisting of a superconductor and normal magnetic or nonmagnetic
metals, as a rule, a linear integral relationship is used for the coordinate
dependence of the gap function using a nonlocal kernel [4.7-4.9]. However,
in the case of sufficiently transparent barriers, when a perturbation in the form
of tunnel Hamiltonian is significant, it is no longer possible to consider a linear
approximation, since the contribution of electron correlations and scattering
may turn out to be significant. In particular, the appearance of reentrant super-
conductivity, found in the Nb/Cui1-xNix bilayers [4.10], can be associated not
only with the ferromagnetism of a normal metal but also with the effect of
electron tunneling through a transparent barrier.

Earlier, we presented an effective field approximation in the framework
of the diagrammatic method of perturbation theory for solving a wide range of
problems in condensed matter physics [4.11]. In particular, in the zeroth
approximation over an inverse effective radius of electron interactions, it is
possible to build a quantum nonlinear theory of the proximity effect in a hybrid
structure “normal metal-superconductor” with a tunnel barrier [4.12], in which
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there are no the phenomenological parameters. Since electron-electron scatte-
ring is not taken into account in the Hamiltonian, this model corresponds to
ballistic limit, when a mean free path is substantially greater than the film
thickness. Such parameters of superconductivity as the coherence length or the
penetration depth of superconducting correlations into a normal metal are
derivatives of the theory and can be expressed in terms of the introduced
microscopic parameters of the Hamiltonian and temperature.

The structure of the chapter is as follows. In Section 4.2, the tunneling
Hamiltonian of the hybrid structure «normal metal-superconductor» (FMM-
SC) with the main microscopic parameters of interactions is presented. The
presence of ferromagnetism (FM) in the normal metal (N-metal) is also
assumed. Further, the main goal of this work is to study the proximity effect
for given model Hamiltonian, which is expressed in the site representation. It
is possible if the Bloch electronic functions are replaced by localized Wannier
functions for matrix elements. Thus, the unperturbed Hamiltonian with the
energy of chemical potential allows us to easily average the arising correlators
in any order of the time perturbation theory, and also to use graphical methods
for summing diagrams in a wave space to determine the effective propagator
lines. Section 4.3 gives a detailed calculation of the contributions to Green’s
functions taking into account the adiabatic switching on the interactions
caused by the tunneling Hamiltonian, as well as the appearance of imaginary
parts responsible for electron scattering, magnitude, and phase of the sponta-
neous order parameter. The results of numerical calculations of phase diagrams
for the inverse proximity effect and spectral characteristics of SC are presented.
In Section 4.4, it is studied an influence the tunnel SC electrons on order pa-
rameter, excitation spectrum, and spectral density of the FMM part in the hyb-
rid structure. In Section 4.5, the main conclusions of the article are formulated.

4.2 Hamiltonian of the «<normal metal-superconductor» electron
system and the self- consistent order parameter

In a general case, the Hamiltonian for considered hybrid structure can be
written as the sum of Hamiltonians H, , H, for N-metal and SC, respectively,

as well as the tunnel contribution H; :

132



H=H,+H+H,, 4.1)

where for a N-metal in the site representation for the second quantized
electron creation (annihilation) operators c;, (c,;) with a spin o

H - ZHIJCGICGJ Z:uo iCoi * (4.2)

ijo

Here, tijj is the hopping integral, which determines the electron band
energy, u, = 1, +0J,, w1 is the chemical potential for N-metal, J, is the parame-
ter of electron exchange interactions and J, >0 for a ferromagnet. Also, o =+1
for saturated state and o =+2<0, > for magnet with a mean spin <o, >. For the

superconducting part of this structure, we write in a general case the
interaction Hamiltonian

H _thU i O‘]+z zvljcjlnlo‘n]o‘ z‘ ‘ qR R nn _ﬂzz oi o‘l’ (43)
q

ij,o q

where 1, trjjand V-, are the SC chemical potential, electron band energy

u ji
and energy of the Coulomb electron repulsion in the sites with occupancies ni,
and ni’, Ni= Niet+ Nis, respectively. \Mq\zlwq is the constant of electron-phonon

interaction [4.13] with phonon frequency », and matrix element m,. It is

known that near the Fermi level with a width of the order of the Debye energy,
the attraction of electrons prevails over their Coulomb repulsion [4.14]. There-
fore, the second term in (4.3) can be written in the form:

He o = ZVe' "N N, (4.9

Spontaneous breaking of the Hamiltonian (4.4) symmetry is possible only

in a fixed narrow energy area. Let us extract from (4.4) the order parameters
corresponding to the superconducting phase in the form of anomalous corre-
lators <aja, > and <a_a_ >, where the symbol <...> denotes the statistical

ic“jo’ jo'%ic

averaging over the total Hamiltonian (4.1). For this, we write (4.4) as follows:
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He = ZV‘*' Ma;a,a)a, =—-> V' "alal a,a

ic“%ioc%jo' %o’ ic%jo' %o’ ic =

il e (4.5)
- YV ({ala), - <ajay, sH<aja, >)({a,a, - <a,a, >H<a,a, >).
ijjoc’
The product of the terms in curly brackets describes the fluctuation effects
of superconductivity, which are not considered here. Leaving only the operator
terms in (4.5), we obtain the Hamiltonian in the molecular field approximation

ﬁéﬁlp _ Zvel ph( : JU<.':1 a_ >+a_a_<a'a’ ), (4-6)

J-o 7o j—o o ic " j-o
ijo

where ¢' = —¢ for singlet Cooper pairing (s-superconductivity). Let us
enter a gap function

o=V <a_a, >, 4.7)

j-o %o

Then the Hamiltonian (4.7) takes the form:

HY = Z(A aLa;, +A5,a, .4, ) (4.8)

ijc%ic%j-o ijc%j-o%ic
ijo

Now let us consider the Fourier transform for gap function (4.7), taking
into account that @U:%Ze‘kﬂ'aw and V™ is the Fourier transform of the

electron-phonon coupling parameter, where N is the number of SC sites. Then
we have

=V M <a g, >=

"cf j—o "o

zve| ph ik (Ri-R;) |qF€Jelq1 <a a >5 (4_9)

q-0 "o
ki

ik(Ri-R;) el.—ph
_ﬁzk:e VI <a ey, >,
q

where the sum over ki is replaced by the sum over k = k1 + g and the
Kronecker symbol determines the gap homogeneity. Thus, from (4.9) we
obtain an expression for the Fourier transform of the gap function

Ay =dVa™<a, a, > (4.10)

g-cqo
q
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The expression (4.10) defines a self-consistent equation for the gap
function, since the abnormal means according to Eq. (4.8) are also expressed
in terms of a,, . Standard methods for solving the problem of finding the gap

are based on the diagonalization of Hamiltonian (4.8) in a wave space (BCS
Hamiltonian) using the Bogolyubov transformation. Unfortunately, such dia-
gonalization does not work for hybrid structures. As a rule, the Gor’kov
equations for the coordinate Green’s functions are considered, which in the
general case are inhomogeneous. It causes considerable difficulties in calcu-
lating the nonlinear contributions. In [4.11], we described a method based on
averaging over the unperturbed site Hamiltonians

Hyy = —Z LCHC (4.11)
Hos =4, a2, (4.12)

for N-metal and SC, respectively. In this case, the calculation of corre-
lators in a site representation for series of the time perturbation theory with
perturbations Vv, =H, —-H,,, Vs =H,-H,; and H, for FMM, SC and tunnel Ha-

miltonian H,, respectively, do not present any difficulties. Also, H; is written
in a site representation as

Hy = Z{Tilcitralcr +Tifa|t,cig} ' (4.13)

ilo

where T, is an interstitial tunnel matrix element. Thus, it is possible to

form infinite series of expansions for the Green’s functions using the scattering
matrix. After the Fourier transform of both the Matsubara unperturbed Green’s
functions and interaction parameters, the integration over time and site sum-
mation is easily performed. This ultimately gives an infinite series of algebraic
expressions for the complete Green’s functions easily summed for a certain
type of diagrams. In particular, in the zeroth approximation over the inverse
effective interaction radius, when loop diagrams are not taken into account, it
is easy to summarize diagrams of the same type graphically within the frame-
work of the well-known Dyson equation.
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4.3 Equations for Green’s functions and order parameters
of a superconductor

In accordance with Hamiltonians (4.11)—(4.12), Fourier transforms of the
unperturbed Matsubara causal Green’s functions for N-metal and a super-
conductor have the form:

G, (im)=-<Tc (r)c (0)> = _r - -G, (-im)
o plie, + He)
A 1 , (4.14)
G (iw)=-<Ta _(r)a (0)> =——"——=-G, (-io)
" Blio + )

where the symbol <....>o denotes an averaging with Hamiltonians (4.11)
or (4.12). The imaginary frequency iwn=iz(2n+1)/§ and 1/5=T is the tempe-
rature.

To find the abnormal correlator <a.q--a¢,>, Which determines the spon-
taneous order parameter in an SC, it is necessary to enter the total causal
Green’s functions:

Z (0)=-<Ta_ ()3, (0)> Z ()=-<Ta (r)a,(0)>

(4.15)

-

Y. . ()=—<Tc, (0)a,_(0)>Y

Pa-c

(1) =—<Tc, (r)a, (0) >,

In the zero approximation for a self-consistent field, the above Green’s
functions are interconnected by means of graphical equations in the Fourier
space as shown in Fig. 4.1 where the wave lines correspond to interactions
according to (4.1), and thin and bold straight lines reflect the frequency
dependent Green’s functions (4.14) and (4.15) [4.11], respectively. Bold dots
represent sums over the inner momenta of the diagram. In the analytical form,
these equations are written as follows:

z. (i) = ﬁGl(iwn)(.s‘qu_q_” (o)) + A, 2, (o) - Zijqu_;q’_” (ia)n)J

Zq(r (iw,) = G, (iw,) - G, (ia)n)(‘smzq’(r (iw,) - A:”Z;” (iw,) + ZquYu;; (iwﬂ)]
p . (4.16)

Yoo (@) = /JG~l ﬁ(iwﬂ)(s Y (o) +T_p_qZ_;_“(i(un))

1-p -pa-o

Y (iw) = ﬂéh(iw")(—g Y (o) —T*Z”(iwn)),

pao 1 pao Pa g0
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where e1p = &1-p, €2q= &2.q and Tpq are Fourier transforms of the hopping
integrals tiij and tz; for N-metal, SC and tunnel matrix element, respectively.
Note that the momentum p always refers to a N-metal, and q to SC.

a a* + .
i 4= Aq4¢ e 8q-g e
- *
a+a = =4, + Agy + TE,
- qo
a) a > a — S
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Fig. 4.1 — Graphic system of equations for total causal Green’s functions Z . (ian),
Ziz (i), Yg-0(i0,) and Y g (i0,) , which determine the spontaneous order parameter
<a.q-aq.> Of the superconductor
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From the system of Egs. (4.16), in the absence of tunneling, when Ti =0,
the trivial solutions Y., (i®,)=0 and Y, (iv,)=0, and the first two equations
coincide with the Gor’kov equations. Taking tunneling into account, the
system becomes integral and describes nonlinear proximity effects, since it
includes infinite series of contributions to the Green’s functions from the
tunneling matrix element. Despite the integral character of the system in Egs.
(4.16), it can be easily solved. To do this, from the 3-rd and 4-th equations we
find the unknown Y_4.(ie,) and Y g, (iw,) and substitute them into the first two

equations of the above system, that gives us

A, 1 1

Ci &, 1, G104 +& -0, G0 | |
[i0, - ¢, -, () ]/ 8

[, ~&, — 0., (i) ][ 1o, +&, - b, (i) |~

Z 4o (ioy) =

, (4.17)

Z,, (iwy) =

2
Aqa

where . _., —,, is the band energy of electrons relatively the Fermi level
of the SC.

It is easy to see from expressions (4.17) for the Green’s functions that the
excitation spectrum of a superconductor in a hybrid structure is incoherent,
since ¢_, () and ¢, (w) contain the finite imaginary parts (see below), deter-
mined by the tunnel matrix element.

The functions 4,__(e,) and 4, w,), Which determine an FMM effect on a
superconductor, are as follows:

901—0-(“0“) - ; ia)n + (,U,L, *51;1) (418)
oy ) = Y —2

p iwn _(/l’l(r _glp)

Using the Green’s functions (4.17), one can find spontaneous SC gap
function by Eq. (4.11)

<ay,8, >=f), Res|[ Z ., (o)(f(0)-1)] - (4.19)
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Here the symbol Res|...] denotes the residues of the Green’s function
Z,. (@) with a factor f(w)-1, f(w)=1/(exp(w/T)+1) is the Fermi distribution
function. The analytical continuation ie, — w+is for z,,(ie,)=-Z,;(-ie,) allows

us to find a spectrum and a spectral density of electron-hole excitations of the
Cooper pair’s condensate:

R,(0,0) =-2BImZ (0 +i10) , (4.20)

the coherence degree is controlled by the imaginary part of its poles.
Obviously, the scattering of electrons depends only on the tunnel barrier.

Note that the remaining Green’s functions describe hoppings of the con-
densate electrons and holes from SC to N-metal. Indeed, from Eq. (4.16) it
follows

AT,.G, (o) 2 (o)
17ﬁg1pG~11(iwn) A "
. AT,G, (i0) .
Y =M 7
o (00 == 5 i) )

1p 20

Y;‘:&;o- (im,) =
(4.21)

It can be seen from (4.21) that the indicated Green’s functions are
proportional to the tunnel matrix elements. The coherent spectrum of electron
and hole excitations in an N-metal is expressed as o, =+(s,-x,) With a

o

quasiparticle peak to be determined by electron tunneling. These excitations
correspond to the well-known Andreev reflection process, since they are rea-
lized for an arbitrary direction of the electron momentum. It turns out to be the
excitations of Andreev reflections in SC are also coherent, since the corres-
ponding Fourier component of the Green’s function Z (r)=-<Ta,(r)c,,(0)>

apo
has poles determined by zeros of the function [4.11]:

(0-E,)@+E,,)

2 2
0 = H

d, (0) = (4.22)

where E,, =,/(s,~ 1) +|,,| is the spectrum of electron excitations with
Cooper pairing, which do not depend on the tunnel matrix element.
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To determine the spontaneous gap accordingly to Eq. (4.19), after the
analytic continuation w—w+id, it is necessary to calculate the functions
7. () and 3, (). Obviously, these functions are connected by the relation

¢ o (0) ==, ,(-0) (423)

Next, we consider the simplest case [ =|sf', when the tunnel matrix
element does not depend on the wave vectors. The frequency @ is supposed to
be complex valued and |o/u|<<1. Taking into account that the electron density
of states p;(¢)=Cs+e with the constant Cs proportional to the volume Vy of the
N-metal, the calculation of integrals (4.18) is elementary and we obtain:

P (@)= (/70(0)er ) Z—FN [2+ In(&]}

Pre(@) =Ty [2+ |n[ZZJ]

where the value r :\B\sz(;ﬁ) determines the barrier transparency for

FMM electrons. It is also clear that the contribution from magnetism under the
sign of the logarithm is infinitesimal of a higher order than |e/w|. Therefore,
an influence of the N-metal magnetic ordering on SC can be neglected and
spin indices in Eq. (4.24) may be disregarded. Since the branch cut of complex
functions (4.24) lies on the negative frequency axis , it is necessary to take
into account the following relation:

(4.24)

In(®)-In(-w) =iz sign(arg o) (4.25)

One can write an equation for pole singularities of the Green’s functions
(4.17) and find the gap in SC:

0 ~ o[ @)+ §,(0)]+ &,[5,(@) - 5(0)] + 1 (@)F,(0) & A, [ =0, (4.26)

where g ()= (@) and 4, (w)=a,(w) IN accordance with aforesaid. For-
mally, this equation can be considered as quadratic with respect to the complex
frequency w. It allows to write the implicit solution in the form
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2
a);,:—%iszNsign(arg a);)i\/[éq—l",q{2+In{ﬁZD+;inFNsign(arg wq;)l o (4.27)

Unfortunately, Eq. (4.27) is transcendental relative to the unknown ey, .

However, it is easy to obtain solutions for both electron and hole excitations
by the iteration procedure. As a start, it is necessary to set @, =E, +id that cor-

responds to the analytic continuation of the Green’s functions to the complex
upper half-plane. The iterative procedure for calculating the roots determines
solutions with imaginary parts of the opposite sign for each root. This uncer-
tainty for the roots appears due to the replacement »—w+is at the analytic
continuation of Green’s functions (4.17) for each iteration step in Eq. (4.27)
because logarithm gives roots on opposite edges of the branch cut. It is clear
that the first step of the iteration determines the sign of the imaginary part of
the pole, and the next step of the opposite sign is associated with the violation
of the selected condition for interaction adiabatic switching on. It is interesting
to note that in [4.12] only the 1-st iteration step was applied to Eq. (4.27). As
will be shown below, the rigorous self-consistency over frequencies a,,

drastically changes the order parameters pointing out on a significant contri-
bution In[w;, /4.4 to the proximity effect in the FMM-SC structure.

17

g
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G)’K
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+

] wq
(=]

20 60

300 80
g, K
Fig. 4.2 — Real (a) and imaginary (b) parts of the electron and hole excitations spectrum
@y, and @, (solid curves 1 and 2, respectively) for the FMM-SC hybrid structure,
A=6K,I'n=3.495Kand u =6 eV, as well as the corresponding coherent BCS
spectrum (dashed curves)
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Fig. 4.2 shows real and imaginary parts of the poles as a function of the
electron energy & relative to the Fermi energy level for the gap A = 6 K,
barrier transparency I'n = 3.49 K and p1 = 6 eV (solid lines). The BCS spect-
rum (dashed line) is demonstrated for comparison.

To find the solution Aqs from Eq. (4.10) after finding the self-consistent
solutions o, =0, and o, =-, for the poles z_ (») from Eq. (4.19), it is ne-
cessary to make an obvious replacement ¢,(») = (@,,) and é,(o)=¢,(s,,) in EQ.
(4.26). Note that Eq. (4.26) is invariant under the substitution o, - o, (see Eq.
(4.23)). Thus, the anomalous Green’s function takes the simplest form

o Ago | B
= , 4.28
Z'Q'o‘(lwn) (l n—wqa)(ia)n+a)qa) ( )
that gives the order parameter
A
a8 >= q;tanh{z_rj (4.29)

The gap function is a complex value for I'n 0, and for I'n = 0 it coincides
with the BCS theory result. Then, according to Eq. (4.10), we obtain a self-
consistent equation for the complex gap Ago:

S q;tanh(z_l_) (4.30)

Assuming that the electron-phonon interaction parameter V™ =U is

nonzero near the Fermi level in a narrow energy region of the order of + wp,
where ap is the Debye frequency, let us denote the electron-phonon coupling
constant for SC by A=pr(u2)U. Here pr(1e2) is the electron density of states at
the Fermi surface. Obviously, pr(u2) does not depend on the sample volume.
Then one can obtain the integral complex equation for the spontaneous gap

“p

A zj Bao
‘o =
d 7%2%

tanh[w“"]déq (4.31)

In the simple case of the s-wave gap with a spatially homogeneous phase,
A, =A=Ase", where Aq =|A |, is determined by the rest of the integrand
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in Eq. (4.31), which depends on I'n. In the approximation ¢ = const and at
I'n = 0, this phase is equal to zero. For a gap under the integral one can put
Ay, =Ae®. Taking the modulus from both sides of Eg. (4.31) with account for
the indicated replacement, we obtain the equation for the gap modulus:

® 1

J.Za)

—-ap Go

1=2 , (4.32)

tanh[ ]dgq

Since the modulus of the right-hand side of Eq. (4.32) is equal to 1, it can
be assumed that the corresponding complex number also determines the gap
phase ¢ that makes it possible to write

0,
<p:arg[ﬂ_iD 2a1)q(, tanh( a ]dfq] (4.33)

Thus, using Eqgs. (4.32)—(4.33), it is able to calculate an absolute value of
the spontaneous gap As of SC, its phase ¢, and the critical temperature Tc of
the phase transition, taking into account an influence of the effects of in-
coherent electrons tunneling in a normal metal.

In Fig. 4.3a, the dependence of the spontaneous gap As of the Sn super-
conductor on the barrier transparency I'n at the temperature T = 0 (solid curve),
which describes an inverse proximity effect, is shown. The dashed curve was
obtained for the poles in Eq. (4.27) obtained at the first step of the itera-
tion [4.12].

The critical value of transparency r, -rg= 3.495 K, above which the
superconductivity is destroyed, is determined from the equation for Tc at

(&) -
tanh[ 5T ]_1-

F(T.Ty)=4 _0, (4.34)

f ) (éq tanh[%(éq)]dgq

where the frequency re(s,(z,) >0 and @(&,) is the self-consistent solution
of Eq. (4.27) at |a,,|=0. Near the high transparency a role of cooperative
phenomena associated with electron-hole scattering by a barrier increases
significantly, that is indicated by the order parameter phase (see Fig. 4.3b). On
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the other hand, the temperature fluctuations partially stabilize the supercon-
ducting state, since high-energy electrons from the normal metal are more
strongly dissipated. Therefore, with decreasing temperature, an area of the or-
dered phase for a highly transparent barrier narrows. In general, the state of
itinerant electrons itself is rather complex, that is reflected in the form of a
nonmonotonic behavior of the phase transition critical temperature Tc, as well
as an appearance of the reentrant superconductivity in certain temperature areas.

15—t
L b
] 12} ]
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q) 5
}9- 1
. .

Lok \ 15 '
ol ! -% - T=0K
1. :,- 18 3t i
[ 1™
oL—— ' ! 0 Lo

0 1 2.3 4 0 1. 4
2K oK

Fig. 4.3 — Dependence of the spontaneous gap As (a) and its phase (b) of superconductor Sn
on the barrier transparency I'n at the temperature T = 0 (solid curve).
The dashed curve reflects the same dependence but without self-consistency over the
poles from Eq. (4.27) (the first iteration step in Eq. (4.27) [4.12]).
The parameters values for tin are as follows: A =0.245, wp =195 K, 1= 6 eV

Fig. 4.4 shows that the critical temperature Tc atr, -tz for FMM-Sn and
FMM-Pb hybrid structures is the multiple-valued function of I'n. Also, Tc
strongly fluctuates relative to small changes in I'n, when approaches the zero
temperature. With further growth I'n, Tc even increases but in this case, super-
conductivity at low temperatures disappears, and the high-temperature area of
the nonzero order parameter gradually narrows to zero.
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Fig. 4.4 — Phase diagram of FMM-Sn and FMM-Pb structures (curves 1 and 2,
respectively). For Pb, the values 12 =9.9 eV, 1=0.39, rg =6.105 K and oo = 96 K
are taken. The inset shows the function F(t,r,) from Eq. (4.34) at -, - s = 3.495 and
low T, the zeros of which determine Tc of the superconductor

Fig. 4.5 — Temperature dependences of the spontaneous gap As of the normal metal-tin
structure at barrier transparency values I'y =0, 1.8, 2.65, 3.495, and 4.25 K (curves 1-

5, respectively) with the parameter values from Fig. 4.3

In Fig. 4.5, temperature dependences of the gap As of tin in N-metal-Sn
hybrid structure are shown for different values of the barrier transparency I'n.
It can be seen from the figure that at Iy ~ Iy" the order parameter exists in
certain temperature regions, i. e., in this case an emergence of reentrant super-
conductivity is possible. With decreasing temperature, as well as with in-
creasing I'n, the area of the superconductivity existence narrows. Also, near
one of the critical temperatures, a two-gap state is possible, that may indicate
a first-order phase transition. Since the phase of the gap is directly related to
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the incoherent scattering of tunnel electrons by the barrier, its temperature
dependences for different transparencies I'n are of interest.

Figure 4.6 shows temperature dependences of phases for gap functions
from Fig. 4.5. It can be seen that the phase near the “left” critical temperature,
increases sharply while near the “right” one, it decreases monotonically until
abruptly disappearing when As = 0. Thus, the presented dependences Tc and
As reflect complex nature of the relationship between incoherent tunneling
electron scattering, thermal fluctuations, and coherent Cooper pairing.
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Fig. 4.6 — Temperature dependences of the gap phase ¢ with moduli As from Fig. 4.5
for transparencies I'y = 1.8, 3.495 and 4.25 K (curves 1-3, respectively)

and with the parameter values from Fig. 4.3
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Fig. 4.7 — Critical barrier transparencies < (points) and temperatures Tc
(top of the broken line) [4.15] for various metals

In Fig. 4.7, critical temperatures (according to the data of Ref. [4.15]) and
the calculated transparencies Iy" for series of superconductors are shown. It
can be seen that with the exception of Nb, the values of 7c and rs differ
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insignificantly. Thus, one can say that the critical barrier transparency is
mainly determined by the value of Tc, and the reentrant superconductivity is
possible with such a high transparency.

The expression for the spectral density of states R, (0,®) from Eq. (4.20)

takes the form:

0(0)| @ - Ef |- (0+ &) (0—sign(@),)
[0 ~E2] + 22T (0-sign(@)Z,?

R, (0,)=-2xT (4.35)

where E () =B +al, &@=&+9,(a.Ty), e is the Heaviside step

function, and ¢,(w.T'y) is the function from Egs. (4.24). Let us define the

homogeneous spectral density as

(UD

Rj(w)=;Ra(q,w)=ps(uz) | d&R,(a,0), (4.36)

—ap

where ps(1,) is the bulk electron density of states of a SC metal at the
Fermi level.
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Fig. 4.8 — Frequency dependences of the homogeneous spectral density R() from

Eq. (4.35) in units ps() for the superconductor in a hybrid structure
“normal metal-Sn”: a) at the temperature T =0 and I'n=0 (As = 6.6 K, dashed line), 0.2,
1.0, 2.0, 3.0 and 3.44 K (As = 6.57, 6.32, 5.44, 3.50, 1.54, solid lines 1-5, respectively);
b) at the critical transparency r, -r¢=3.495 Kand T =1.625,1.7, 2.4, 3.1 (As = 1.7,

2.53, 3.51, 2.34, curves 1-4, respectively)
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In Fig. 4.8 the frequency dependences of a homogeneous spectral density
of the superconductor Sn at the temperature T = 0 K for different I'n values
and at critical transparency Iy = Iy" = 3.495 K in the temperature area from
1.6 to 3.1 K, where the reentrant superconductivity is realized, are shown. It
can be seen from Fig. 4.8a that for small I'n the Rj(®) is close to the

conventional R} (@) for a homogeneous superconductor:

(4.37)

With increasing I'n, the spectral density R(w) approaches the value of
27p. (1) that corresponds to N-metal and reflects the inverse proximity effect.
In Fig. 4.7b, R(w) is shown at the critical transparency Iy" = 3.495 K, and in
the temperature area of the reentrant superconductivity appearance. It can be
seen from the figure that in this case, due to a high barrier transparency, an
influence of the N-metal on the spontaneous order parameter is quite signi-
ficant. Also, due to the jump at the singular point @ = 0, R(w) is asymmetric
near the origin. The presented dependences are in a good agreement with the
known experimental data [4.16].

4.4 Proximity effect in a ferromagnetic metal

In this subsection, we will consider an influence of SC ona FMM, i. e., a
proximity effect associated with the emergence of an induced gap in the
specified metal. It was shown above, that the magnetic order of an N-metal
has a negligible effect on the SC. It turns out that the SC significantly affects
both transport in a metal due to the proximity effect and its spectral properties.
In a similar way, we can obtain expressions for corresponding electron
Green’s functions of a metal using the induced order parameter <c,c,, >,
spectrum of excitations, and their damping. The details are presented in the
work [4.11]. Therefore, we can write down the expressions for the Fourier

transforms of the retarded anomalous Y, (r) =-<Tc,_,(r)c,,(0) > and conventional
Y, (r)=-<Tc,,(7)c,,(0)> Green’s functions of the N-metal:
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1 f(o+io)

BQ, (0+i5)

Vo (wris) = L 0TI G 00 7 (0+10)
po ﬁ ng(w+l5)

Yo (@+16) =~
(4.38)

where
Q, (@+15) = (0+i6 +&, ~Jgo 7 (@+iS)@+i5— &, oo~ (@+i8) ~|f (w+i5)[ 4 (4.39)

&=, th, Tg= ps(1,)B? is the barrier transparency for SC condensate

electrons. Also, we have the following equations

a(w)=-T; {2+ Inz(—z))+ ; |;rLJ()S|gn(arg(b(w))) + sign(arg(— b(w)))}
Ble) =-AT Zb( )sugn(arg(b(w))) . (4.40)
7(w) =Ty {2+In t:f;jj-;;{b()mgn(arg(b(w))) sign(arg(-| b(w)))}}

where bw)=./o? —|af . The spectrum of excitations is found from pole

singularities of the indicated Green’s functions, i.e., at the condition
Q. (0+i6)=0 that gives an equation for the resonance frequencies  with

account for the analytical continuation @ > @ + i6:

0—-J,0= —; izl “b(@) S|gn(arg [b(w)]) =

(4.41)

[af

i\/[fp [2+In[b(w)D ixTssign(arg[-b(w)]) | —7° S4b§(a))

The transcendental Eq. (4.41) has complex roots o, and ,,,, which are

determined numerically by the iteration procedure.
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Fig. 4.9 — Real (a) and imaginary (b) parts of the excitation electron frequencies a,,,
(dark circles and triangles) and @,,, (open circles and triangles) as functions

of the electron energy &, with the barrier transparency I's = 5 K, the gap As = 6.6 K

and the ferromagnetic exchange Jo = 0 and 100 K (circles and triangles, respectively)

Fig. 4.9 shows results of the calculations for @, and ,,, as a function of
energy ¢, for both paramagnetic and ferromagnetic N-metals. It can be seen
that for a paramagnet in a certain range of values ¢, and at frequencies |o|<|A|,

the gap is induced in the N-metal as a realization of the proximity effect with
a nonzero anomalous order parameter <c,_c, >, which is suppressed by the

ferromagnetic exchange. Note that the correlator <c, .c,, > does not depend on

the electron-phonon coupling constant in the N-metal and is proportional to
the gap A, since the N-metal is not a superconductor. On the whole, the spect-
rum is incoherent for nonzero I's. At the same time, electron excitations with
frequencies |o|<|| are coherent. Let us consider this issue in more detail, since

it is necessary for the correct calculation of the corresponding spectral density.
Indeed, it is easy to see that at |o|<|4| the tunnel functions (4.40) are real.

The equation Q,,(#)=0 is quadratic relatively unknown ¢, for the integrand
pole singularities of the homogeneous spectral density R} ():

RH@) =R (p.0)=py(w) [ 6,R,(p.0), (4.42)

~&p
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where R, (p,»)=-28ImYp;(w+i5) and @, is Debye frequency for N-metal.
That is why one can write its solutions ¢ (») and ¢,(») in the form:

Lz, (4.43)

glvz(w)zrs[znn;(“’)]iJ(m Joo-)[a)+ Jyo+T ”“)J ;

4y b(w)

where b(w)=.A?-w?. Evidently, Eq. (4.43) gives poles on the real

frequency axis if the radical expression is non-negative. Consider the simplest
case Jo = 0. Then at

_2lelflel+a,)

S——F—=9()
; L NINS%

we have the coherent spectrum, if |w|<A, and |o|> g7 ()=, (Ts), where

(4.44)

g}(x) is the inverse function from Eq. (4.44). The numerical analysis with
analytical continuation o—w+is shows that sign(Im(&(w+i6)))=sign(w) and
sign(Im(&, (o +16))) =-sign(e) . In accordance with the Landau bypass rule, it is easy

to find the spectral density of coherent electron excitations in N-metal for
frequencies |o|<A;.

RL’J\‘ ()= Zﬁsign(w)ﬁ(\w\ —ap(Ts))O(Aq *‘w‘)PN () {w+l’s ﬂ} . (4.45)
ol 0+T, 22 |-La7r2 (@)
s bw) 4 s

Fig. 4.10 shows the spectrum of coherent electronic excitations cx res and
anres from Eq. (4.43) in a paramagnetic N-metal at As = 6.6 K, I's = 0.5 and
5 K in the frequency region | mires| < As, as well as the corresponding homo-
geneous spectral densities of coherent and incoherent excitations from
Eq. (4.41) at |w,,| > As. In Fig. 4.10a one can see that at| @ | < As in the N-

metal, a forbidden band is also formed. Its width depends both on the barrier
transparency and on the SC gap. Also, in this case, the induced gap does not
depend on the electron-phonon coupling constant in the N-metal. The main
energy interval of electrons scattered by the barrier is assumed to be near the
Fermi level with a width of the order of twice the Debye frequency. The
spectral density in Fig. 4.10b reflects the coherence of the indicated excitations
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with an increase in the quasiparticle peak as one approaches the boundaries of
the forbidden band of the SC and N-metal. It is interesting to note that in the
forbidden zone of the N-metal, i. e., at |o|<o,(I's), in contrast to the SC, there
are purely complex poles of the Green’s function Y, (»+is) that point out on
strong electrons scattering. It can be shown that the corresponding spectral
density is identically equal zero, as in the SC.
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Fig. 4.10 — (a) Spectrum of coherent electron excitations @ res and @z res in @
paramagnetic N-metal at| A| = As = 6.6 K and I's = 0.5 (curves 1 and 2, respectively)
and 5 K (curves 3 and 4, respectively) at frequencies \a),(,p\ > As; (b) corresponding

homogeneous spectral densities of incoherent excitations in the area \wmp\ >Asatls =

0.5 and 5 K (solid curves 1 and 2, respectively) and of coherent excitations from
Fig. 4.10aat I's = 0.5 and 5 K (dark and light points, respectively). The straight line
3 corresponds to the spectral density value 2z in units oy (1) for an N-metal
with a coherent spectrum

The problem considered above corresponds to the simplest case when
there is no electron-phonon interaction in the N-metal. Here, it is necessary to
take into account an effective field in the N-metal formed by the order
parameter <c,_c, > with a corresponding energy gap function

A =YV <c, C, >, (4.46)

p-o ~po
q

despite A, being induced by the effective field of the SC. However, it can
be assumed that the induced effective field in the N-metal weakly affects the
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self-consistent SC order parameter, especially for highly transparent barriers.
Indeed, the induced homogeneous gap function a, =|4,,| is represented in the

form:
%ZizzrsAx
" ng 1 |[F@n,)-1]sign(arg[b(@,,)]) [ f(@.,)-1]sign(arg[b(w,,) ]} ||’ (4.47)
S e, -0, b(,,) b(e,.,)

where o, and o, are the roots of Eq. (4.41). Fig. 4.11 shows the depen-

dences of the gap An on the SC transparency I's at temperature T = 0 for va-
rious values of I'n in the “Al-Sn” hybrid structure where the values 1= 0.175
and @p= 423 K are taken for Al [4.17]. It can be seen that with increasing I's
the induced An increases and then decreases to a value which then weakly
depends on electron tunneling. Also, with increasing I'n, there is a decrease in
An. Note that the value of the spontaneous gap As in the absence of tunneling
is equal to 6.6 K, i. e., significantly exceeds An.
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1_
4
% 7 8 12
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Fig. 4.11 — Gap function An as a function of the SC transparency I's at the temperature
T = 0 for different values of the barrier transparencies I'n of the N-metal equal to 0.2, 1,
2.5, and 3.4 K (curves 1-4, respectively)

In Fig. 4.12, temperature dependences of the induced in Al gap function
with I'n = 2.65 (a) and r, -z =3.495 K (b) are presented. It can be seen from
Fig. 4.12a that with increasing I's the gap An increases and then decreases in
accordance with Fig. 4.11. In this case, only for large transparencies I's a

nonmonotonic temperature dependence of An is observed, and for small I's the
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induced gap function decreases monotonically with increasing T. Fig. 4.12b
shows the temperature dependences of reentrant induced superconductivity at
the critical value I'n, reflecting a rather complex process of the proximity
effect realization in the given hybrid structure.
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Fig. 4.12 — Temperature dependences of the induced in aluminum gap function An with
I'n = 2.65 (a) and 3.495 K (b) for different barrier transparencies I's of tin: a) 0.5, 1, 2.5,
3.5, and 10 K (curves 1-5, respectively); b) 0.1 (dark points), 0.5 (light points), 1.5
(dark squares), 2.5 (dark triangles), 3.5 (solid line) and 10 K (light triangles).

The dotted curve corresponds to spontaneous reentrant superconductivity at the critical
transparency I'n = 3.495 in Fig. 4.5
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Fig. 4.13 — Induced gap An as a function of the barrier transparency I's in the ground
state for exchange values Jo equal to 0 (curve 1) and 6 K (curves 2 and 3at o =1, -1,
respectively). Curve 4 corresponds to Jo=10 Kand 6 =1
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At the end, let us study the FM exchange effect on the gap in the N-metal.
As mentioned above, the exchange interaction shifts energy bands up and
down, depending on the sign of the spin parameter o, and decreases the gap as
well (see Fig. 4.9). Fig. 4.13 shows the gap function An as a function of the
transparency of SC I's at temperature T = O for various values of the exchange
interaction parameter Jo and spin indices o equal to O (curve 1) and 6 K (curves
2 and 3 at o = 1, -1, respectively). It can be seen that at Jo < As in area of the
gap maximum for FM the exchange suppresses An, although for high transpa-
rencies the decrease in An is not so significant. Also, the gaps for the spins ¢ =
1 and ¢ = -1 differ significantly, that is caused by the asymmetric exchange
shift of the electron energy bands with corresponding spins. For Jo > As the
difficulties arise in calculating An at low transparencies I's due to oscillations
of the integrand in Eq. (4.47). Therefore, curve 4 at Jo = 10 K in Fig. 4.13 ends
abruptly at T's = 4 K.

4.5 Conclusions

In this chapter, the application of time perturbation theory to a model, in
which a self-consistent uniform effective field formed by the electron-phonon
coupling of SC induces an order parameter in a N-metal due to electron
tunneling, has been considered. Electron-electron scattering has not been
taken into account that is true for tunnel areas with linear sizes, which do not
exceed an electron mean free path.

It was found that at the critical transparency I'n values of the order of the
SC critical temperature Tc, tunneling electrons of the N-metal destroy the
spontaneous superconductivity in the ground state. The presence of incoherent
excitations leads to a complex relationship between the ordering effects, ther-
mal fluctuations, and tunneling, which in the vicinity of Iy ~ Iy" can stabilize
the superconducting state in certain temperature ranges. Thus, the phenomenon
of the reentrant superconductivity is realized. The study of the direct proximity
effect showed that a dimensionless order parameter is induced in the N-metal
in the form of an anomalous correlator ,which determines a gap in the
spectrum of electron excitations independently of the N-metal effective field.
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This field automatically exists when the electron-phonon interaction in this
subsystem is taken into account.

The performed numerical calculations for Al showed that the induced
energy gap function is significantly smaller than a gap without electron-
phonon coupling. It was found that the induced gap first increases and then
saturates at high transparency T'; values. This means that a further growth in

the volume of the superconducting part of the hybrid structure has a small
impact on the proximity effect. Also, in the area of the gap An growth as a
function of I'y, the FM exchange decreases An value. The gaps for spin indices
o =1and ¢ = -1 differ significantly, that is related to the asymmetric exchange
shift of the electron energy bands with corresponding spins. Studied spectral
properties of the hybrid structure are in a good agreement with experimental
data and also reflect the existence of both coherent and incoherent elementary
excitations in certain frequency ranges.
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